PRODUCTS ON SCHATTEN-VON NEUMANN 
CLASSES AND MODULATION SPACES 



JOACHIM TOFT 

Abstract. We consider modulation space and spaces of Schatten- 
von Neumann symbols where corresponding pseudo-differential op- 
erators map one Hilbert space to another. We prove Holder- Young 
and Young type results for such spaces under dilated convolutions 
and multiplications. We also prove continuity properties for such 
spaces under the twisted convolution, and the Weyl product. These 
results lead to continuity properties for twisted convolutions on 
Lebesgue spaces, e.g. Ll^^^ is a twisted convolution algebra when 
1 < P < 2 and appropriate weight u. 



0. Introduction 

In this paper we establish continuity properties for various products 
on modulation spaces and a familly of symbol classes such that cor- 
responding pseudo-differential operators are of Schatten-von Neumann 
types. 

This means that each symbol class consists of all tempered distri- 
butions such that the corresponding pseudo-differential operators are 
Schatten-von Neumann operators of certain degree from one Hilbert 
space to another. For such spaces of functions and distributions, we 
establish Young type and Holder- Young type inequalities with respect 
to the Weyl product, twisted convolution, dilated convolutions and di- 
lated multiplications. These products are important in the theory of 
pseudo-differential operators. In fact, the Weyl product corresponds 
to compositions of Weyl operators on the symbol side. On the sym- 
plectic Fourier transform side, the Weyl product takes the form as a 
twisted convolution. In the theory of pseudo-differential operators, it 
is in many situations convenient to approximate a pseudo-differential 
operator with a Toeplitz operator. Then the Weyl symbol of a Toeplitz 
operator is an ordinary convolution of the Toeplitz symbol and a rank 
one element, which can be rewritten as a product between symbols by 
using the symplectic Fourier transform. 
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In particular we generalize results in [43,45], where similar questions 
were considered for classical modulation spaces, and spaces of pseudo- 
differential operators of Schatten-von Neumann types on L^. The Weyl 
product in the context of modulation space theory was recently investi- 
gated in [26]. From these results we establish continuity for the twisted 
convolutions when acting on modulation spaces of Wiener amalgam 
type, using the fact that the Fourier transform of a Weyl product is es- 
sentially a twisted convolution of the Weyl symbols. From these results 
we thereafter prove continuity properties of the twisted convolution on 
weighted Fourier Lebesgue spaces. 

We also apply our results on Toeplitz operators and prove that for 
each appropriate dilated symbol to a Schatten-von Neumann pseudo- 
differential operator, then the Toeplitz operator belongs the same Schatten- 
von Neumann class. 

In order to be more specific, we recall some definitions. Assume that 
i e R is fixed and that a e ^(R^"'). (We use the same notation for 
the usual function and distribution spaces as in [27].) Then the pseudo- 
differential operator at{x, D) with symbol a is the continuous operator 
on ^(R'^), defined by the formula 

{a,{x,D)f){x) = {Ovt{a)f){x) 

^^■^^ = (277)-^^ j j a((l - t)x + ty, Ofiy)e'^^'''^^ dyd^. 

The definition of at{x,D) extends to each a e y'{'R?'^), and then 
at{x,D) is continuous from y{R'^) to y{R'^). (Cf. e.g. [27].) In fact, 
the Fourier transform ^ is the linear and continuous operator on 
y'CR'^) which takes the form 

(0.2) (^/)(0 = m = (Svr)-'^/^ I /(a;)e^<-'«) dx, 

when / e L^(R^). If ^^2^ is the partial Fourier transform of F{x,y) G 
y'{'R'^'^) with respect to the y variable and a G ^'(R^'^), then we let 
at{x, D) be the linear and continuous operator from ^(R"') to S^'{R!^) 
with the distribution kernel 

(0.3) Ka,t{x,y) = {JF-^a){{l-t)x + ty,x-y). 

If t — 1/2, then at{x,D) is equal to the Weyl operator a^{x,D) for 
a. If instead t — 0, then the standard (Kohn-Nirenberg) representation 
a{x, D) is obtained. 

For each a G o$^(R^'^) we also let Aa be the linear and continuous 
operator from S^iR!^) to ^(R'^), given by 

(0.4) {Aa){x, y) = {2t:)-'"^ j a{{y - x)/2, Oe-'<^+^'«> d^. 

(Here and in what follows we identify operators with their distribution 
kernels.) This operator representation is closely related to the Weyl 
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quantization in the sense that 



where denotes the symplectic Fourier transform (see Section [T] for 
strict definitions). Here the first equahty follows from (10.31) and (10.41) . 
In particular, the definition of Aa extends to each a G ^'(R^'^) and 
then Aa is continuous from ^(R'^) to ^'(R*^), since the same is true 
for the Weyl quantization. 

In the Weyl calculus, operator composition corresponds on the sym- 
bol level to the Weyl product, sometimes also called the twisted prod- 
uct, denoted by #. In Sections [2H3] we establish extensions for the Weyl 
product and twisted convolutions on modulation spaces, which we shall 
describe now. 

The modulation spaces was introduced by Feichtinger in [10], and 
developed further and generalized in [11,14-16,21], where Feichtinger 
and Grochenig established the theory of coorbit spaces. In particu- 
lar, the modulation spaces and W^^'^, where u denotes a weight 
function on phase (or time-frequency shift) space, appear as the set 
of tempered (ultra-) distributions whose STFT belong to the weighted 
and mixed Lebesgue space L^'l^^^ and -Z^2 (<^) respectively. (See Section [I] 
for strict definitions.) It follows that u, p and q to some extent quan- 
tify the degrees of asymptotic decay and singularity of the distribu- 
tions in and W^'J^. By choosing the weight u in appropriate ways, 
the space W^^'^ becomes a Wiener amalgam space, introduced by Fe- 
ichtinger in [8]. Furthermore, if ut is trivial, i.e. u = 1, then M^J^ is 
the classical modulation space M^''^. (See [12] for the most updated 
description of modulation spaces.) 

From the construction of these spaces, it turns out that modulation 
spaces of the form M^^^ and Besov spaces in some sense are rather 
similar, and sharp embeddings between these spaces can be found in 
[45,47], which are improvements of certain embeddings in [19]. (See 
also [38] for verification of the sharpness.) In the same way it follows 
that modulation spaces of the form Wj'^'^ and Triebel-Lizorkin spaces 
are rather similar. 

During the last 15 years many results have been proved which confirm 
the usefulness of the modulation spaces and their Fourier transforms 
in time-frequency analysis, where they occur naturally. For example, in 
[16,21], it is shown that all such spaces admit reconstructible sequence 
space representations using Gabor frames. 

Parallel to this development, modulation spaces have been incor- 
porated into the calculus of pseudo-differential operators. In fact, in 
[21,23], Grochenig and Heil prove that each operator with symbol in 
M°°'^ is continuous on all modulation spaces M^'"^, p,q E [l,oo]. In 
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particular, since M^'^ = it follows that any such operator is 
continuous, which was proved by Sjostrand already in [36]. 

Some further generalizations to operators with symbols in more gen- 
eral modulation spaces were obtained in [24,45,46,48]. Modulation 
spaces in pseudodifferential calculus is currently an active field of re- 
search (see e.g. [24,28,29,38-40,42,45,48]). 

In the Weyl calculus of pseudo-differential operators, operator com- 
position corresponds on the symbol level to the Weyl product, some- 
times also called the twisted product, denoted by #. A problem in this 
field is to find conditions on the weight functions Uj and Pj, qj G [1, oo], 
that are necessary and sufficient for the map 

(0.5) ^(R^*^) X ^(R2^) 3 (ai, 02) ^ ai#a2 G ^(R^'^) 
to be uniquely extendable to a map from M(^J;^'(R2^) x MJ^' '^^ (R^'^) to 
M^^^''(R^'^), which is continuous in the sense that for some constant 
C > it holds 

(0.6) ||a-i#a.2||M™>TO < C||ai||j^,^pi,9i ||a2||jvff2.'32, 

when ai e MJJ;5^(R2<^) and 02 G M^^^f {R'^'^) . Important contributions 
in this context can be found in [22,26,29,36,42], where Theorem 0.3' 
in [26] seems to be the most general result so far. 

The Weyl product on the Fourier transform side is given by a twisted 
convolution, *cr- It follows that the continuity questions here above are 
the same as finding appropriate conditions on ooj and pj, qj G [1, 00], in 
order for the map 

(0.7) ^(R^*^) X y{R^'^) 3 (ai, 02) ^ ai G ^(R^'^) 

to be uniquely extendable to a map from Wf^'^^' {B?'^) x W^^-^^iB?^) to 
iy^J^°(R^'^), which is continuous in the sense that for some constant 
C > it holds 

(0.8) *^ a2||wPo.9o < C||ai||^yPi.9i ||a2||vi/P2.92, 

when ai G Wf^'^^' {B?'^) and 02 G W^^^'^^^B?^) . In this context the conti- 
nuity result which corresponds to Theorem 0.3' in [26] is Theorem 12.31 
in Section [3 

In the end of Section [2] we especially consider the case when pj = 
qj = 2. In this case, W^^,^ agrees with L^^_,-^, for appropriate choices 
of Uj. Hence, for such uj, it follows immediately from Theorem 12.31 
that the map (10. 7p extends to a continuous mapping from L'^^^^(B?'^) x 
L2^^)(R2'^)toL2^^)(R2^),andthat 

when ai G Lf^^^iK^'^) and as G Lf^^^{K^'^). In Section [2] we prove a 

more general result, by combining this result with Young's inequality, 
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and then using interpolation. Finally we use these results in Section 
[3] to extend the class of possible window functions in the definition of 
modulation space norm. 

In Sections [SHHl the second part of the paper, we cosider spaces of the 
form St,p{J^i, J^2) and s^{J^i,J^2), which consist of all a e 
such that at{x,D) and Aa respectively are Schatten-von Neumann op- 
erator of order p E [l,oo] from the Hilbert space Jifi to the Hilbert 
space J^2- From the definitions it follows that the general continuity 
results for the usual Schatten-von Neumann classes carry over to the 
Sf p and Sp spaces, after the usual operator compositions have been 
replaced by the Weyl product and twisted convolution respectively. 

In Section [4] we consider the case when J^j are equal to Mf^,^(R'^) 
for some appropriate weight functions Uj. In this situation we estab- 
lish Young type result for dilated convolution and multiplication. More 
precisely, assume that 

(0.9) pi~^ + p2~^ = I + , 1 < Pi,P2,T < oo, 

and that J^j = M"^^^^ and M^^j = M^^^ ^ are appropriate. If ti,t2 7^ 

and Citl + 02^2 = 1) for some choice of Ci,C2 G {±1}, then we prove 
that 

ai( • Ai) * • A2) G when aj e St,p^{Ji^ij, J^2,j), 

and 

aiih ■ ) ■ a2{t2 ■ ) G St,r{^i,^2), when aj G St,p^{J^ij, Jif2,j)- 

In particular, if J^j = J^kj = i^^(R'^), then we recover the results in 
Section 3 in [43]. Furthermore, if each of the operators aJ{x,D) are 
positive with respect to the form, then we prove that the same is 
true for (ai( ■ /h) *a2{- /t2)T{x, D). 

1. Preliminaries 

In this section we recall some notations and basic results. The proofs 
are in general omitted. 

We start by discussing appropriate conditions for the involved weight 
functions. Assume that u and v are positive and measureable functions 
on R"^. Then ui is called f-moderate if 

(1.1) u{x + y) <Cu{x)v{y) 

for some constant C which is independent of x, y G R'^. If v in (11.11) can 
be chosen as a polynomial, then oj is called polynomially moderated. 
We let ^(TV^) be the set of all polynomially moderated functions on 
R'^. If u!{x,C,) G <^^(R^'^) is constant with respect to the x-variable 
(^-variable), then we sometimes write ti;(^) {uj{x)) instead of u{x,^). 
In this case we consider u as an element in J^(R?'^) or in J3^{TV^) 
depending on the situation. 
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We recall that the Fourier transform ^ on ^'(R*^), which takes the 
form (10.21) when / G L^ilV^), is a homeomorphism on ^'(R*^) which 
restricts to a homeomorphism on S^(R'^) and to a unitary operator on 
L2(R^). 

Let if E y(R'^) be fixed, and let / E ^'(R"^). Then the short-time 
Fourier transform V^pf^x,^) of / with respect to the window function 
ip is the tempered distribution on R^"^ which is defined by 

If /, e ^(R^), then it follows that 

VJ-{x,0 = (27r)-'^/2| f{yMy-x)e-'^y'^^ dy. 

Next we recall some properties on modulation spaces and their Fourier 
transforms. Assume that uj E ^(R?'^) and that p,q E [1, oo]. Then the 
mixed Lebesgue space L^'^^-j (R^'^) consists of all F E Lj^^ili'^'^) such 

that Ili^lUf^^) < oo, and L^'^^)(R2'^) consists of all F E Ll^iR'^'^) such 

that ||F||rp,9 < oo. Here 

and 

w^w^iu ^{j [j \n^^o^{^.ovddj''' dxY\ 

with obvious modifications when p = cxd or g = oo. 

Assume that p,q E [1, oo], a; G ^{B?'^) and if E ^(R"') \0 are fixed. 
Then the modulation spaces M^^(R°') and W'^^^iYif) are the Banach 

spaces which consist of all / E such that 

(1.2) ii/iu,.. ^ < ii^ii^r^ ^ w^^fw^iu < ^ 

respectively. The definitions of M^^^(R°') and iy^^^(R'^) are independent 
of the choice of Lp and different ip gives rise to equivalent norms. (See 
Proposition 11.11 below) . From the fact that 

^^/(e, -x) = e^^^'^%f{x,0, H^) = ^i-x), 
it follows that 

fEW^iR') ^ /eMf'«^)(R'^), ^o(e,-x) = ^(x,0. 

For conveniency we set ^(^) = M^if^i which agrees with VT^^^ = W^^^^*. 
Furthermore we set M^'^ = Mf'^ and W^^'^ = W^f'? if = 1. If is 
given by (^^(x, ^) = Ui{x)uj2{^), for some co'i,u;2 G ^(R''), then VT^^^ is 
a Wiener amalgam space, introduced by Feichtinger in [8]. 

The proof of the following proposition is omitted, since the results 
can be found in [9,10,14-16,21,45-48]. Here and in what follows, p' E 
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[l,oo] denotes the conjugate exponent ofp G [l,C)o], i.e. 1/p+l/p' = 1 
should be fulfilled. 

Proposition 1.1. Assume that p,q,Pj,qj G [l,oo] for j = 1,2, and 
u!,u!i,u!2,v G ^(R^'*) are such that u is v-moderate and uj2 < Cui for 
some constant C > 0. Then the following are true: 

(1) ifip G M(\,)(R'^)\0, then f G M^iR"^) if and only if ^ holds, 
i. e. M^^^(R'^). Moreover, M^^^ is a Banach space under the 
norm in (II. 2p and different choices of if give rise to equivalent 
norms; 

(2) if pi < p2 and qi < q2 then 

(3) the L? product ( ■ , ■ ) on y extends to a continuous map from 
M(^J,^(R") X M(P^'J^)(R<^) to C. On the other hand, if \\a\\ = 
sup|(a, 6)1, where the supremum is taken over all b G ^iR^) 
such that \\b\\,fp'q' < I, then 11 • 11 and 11 ■ Wm''''' O'f^ equivalent 
norms; 

(4) if p,q < oo, then ^(R"') is dense in M^J^{R'^) and the dual 
space o/M^^^(R'^) can be identified with M^^J^^{R'^) , through the 
form ( ■ , ■ )l2. Moreover, J^^iR!^) is weakly dense in M^^iRf^). 

Similar facts hold if the M^^^ spaces are replaced by Wj^^'^ spaces. 

Proposition 11.11 (1) allows us be rather vague concerning the choice 
of G M^^^-j \ in (11.21) . For example, if C > is a constant and 
■c/ is a subset of y, then ||a||j\^P:9 < C for every a G S2f, means 

that the inequality holds for some choice of ip E M^^-^ \ and every 
a G £^ . Evidently, a similar inequality is true for any other choice of 
V? G M^^-^ \ 0, with a suitable constant, larger than C if necessary. 

In the following remark we list some other properties for modulation 
spaces. Here and in what follows we let (x) = (l + |a;p)^/^, when x G R'^. 

Remark 1.2. Assume that p,Pi,P2,q,qi,q2 € [l,oo] are such that 

qi < min(p,p'), q2 > max(p,p'), pi < min(g, g'), p2 > max(g, g'), 

and that u!,v & ^(R^'^) are such that u is w-moderate. Then the 
following is true: 

(1) if p < g, then W^{R'^) C M^{R'^), and if p > g, then 
M^{R'^) C W^{R'^). Furthermore, if = uj{x), then 

M(J^{R') C W[^;{R') C Ll^iR'^) C W^%R') C M^j;'{R'). 
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In particular, Mf^^ = W^^^ = L'^^y If instead = ^^(0. 

then 

Here ^LJ^^)(R'') consists of all / e ^'(R<^) such that 

||/a;o||L9 < oo; 

(2) if ci;(a;, = uj{x), then 

Mf^5(R'^) c C(R'^) ^ VFJ;5(R'^) C C(R'^) ^ g = 1. 

(3) Mi'°°(R'') and W^i'~(R'^) are convolution algebras. If C^(R'') 
is the set of all measures on R'^ with bounded mass, then 

C^(R'^) C iyi'°°(R<^) C M^'°°(R'^); 

(4) if xq e R*^ is fixed and ujq{^) = u{xq, ^), then 

(a;) (oj) (ojo) ' 

(5) for each ^ e R'' and modulation space norm || • || we have 

||e^<-'«>/(- -x)\\<Cv{x,mfl 
for some constant C which is independent of / G =y'(R'^); 

(6) if a'(x,0 = u{x, -0 then / e Mj;^ if and only if / e Mf^^; 

(7) if s e R and a;(x,0 = (0^ then M^^^^ = W"^^^ agrees with 
the Sobolev space iJ^ , which consists of all / e J^' such that 

(See e.g. [9,10,14-16,21,45-48].) 

Remark 1.3. Assume that s,t e R. In many applications it is common 
that functions of the form 

as{x)^{xY and as,t{x,^) = {xY{Cl\ 

are involved. Then it easilly follows that Us and (7s,t are (7|s|-moderate 
and (T|5|_|t|-moderate respectively. For convenience we set 

and similarily for other function and distribution spaces, e. g. we set 
LPg — L^f^^^y We note that for such weight functions we have 

Mf;/(R'^) = { / G y\Yi'^) ; {xYiDYf e MP'«(R'^) }, s,teR 

and 

Mf ^(R'^) = Mf;o^(R^) n Mo^;J(R^), s > 0. 

(Cf. [46].) In particular, since M'^ ^ L"^ , it holds = i^^ n L], when 
s > 0. (See also [21,23].) 



Next we recall some facts in Chapter XVIII in [27] concerning pseudo- 
differential operators. Assume that a G and that t G R is 
fixed. Then the pseudo-differential operator at{x,D) in (10. ip is a lin- 
ear and continuous operator on S^ilV^). For general a G ^'(R^*^), the 
pseudo-differential operator at{x, D) is defined as the continuous oper- 
ator from ^(R"^) to ^'(R*^) with distribution kernel given by (10.31) . 
This definition makes sense, since the mappings ^2 and F{x, y) ^ 
F{{1 — t)x + ty,y ~ x) are homeomorphisms on =5^'(R^'^). Furthermore, 
by Schwartz kernel theorem it follows that the map a at{x,D) is a 
bijection from o$^'(R^'^) to the set of linear and continuous operators 
from y{R'^) to S^'{R'^). 

We recall that for s, t G R and a, 6 G ^'(R^''), we have 

(1.3) a,(x, D) = bt{x, D) ^ b{x, = e*(*~")<^-^«>a(a;, 0- 

(Note here that the right-hand side makes sense, since e*^*~''^^^«'^''^ on 
the Fourier transform side is a multiplication by the bounded function 

Assume that t G R and a G ^'(R?'^) are fixed. Then a is called 
a rank-one element with respect to t, if the corresponding pseudo- 
differential operator is of rank-one, i. e. 

(1.4) at(x,D)/ = (/,/2)/i, 

for some /i, /2 G ^'(R*^). By straight-forward computations it follows 
that ([Ll is fulfilled, if and only if a = {27rY/^Wl j^, where the Wj^ j^ 
t-Wigner distribution, defined by the formula 

(1.5) Wlj^ix, = ^ifiix + t ■ )/2(a;-(l-t)-))(0, 
which takes the form 

Wlf^{x,0 = (27r)-^/2| /,(a; + t^)/2(x-(l-%)e-^<^'«>rfi/, 

when /i,/2 G ^(R*^). By combining these facts with (11.31) . it follows 
that 

(1.6) WIj,^ = e^(*-^)<^-^c)iy^-^_^^, 

for each /i,/2 G ^'(R'^) and s,t G R. Since the Weyl case (t = 1/2) 
is particulary important to us, we set Wj^j^ = Wf^j^ when t = 1/2. It 
follows that Wf^ /2 is the usual (cross-) Wigner distribution of /i and 

Next we recall the definition of symplectic Fourier transform, Weyl 
product, twisted convolution and related objects. Assume that a, 6 G 
e5^'(R^'^). Then the Weyl product a#6 between a and b is the function or 
distribution which fulfills {a#b)^{x, D) = a^{x, D) ob^{x, D), provided 
the right-hand side makes sense. More general, if t G R, then the 
product #i is defined by the formula 

(1.7) ia#tb)t{x, D) = at{x, D) o 6,(x, D), 
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provided the right-hand side makes sense as a continuous operator from 

y{K'^) to y{R'^). 

The even-dimensional vector space R^'^ is a (real) symplectic vector 
space with the (standard) symplectic form 

aiX, Y) = a{ix, 0; (y, v)) = iv, ' i^, v), 

where (■, ■) denotes the usual scalar product on R*^. 

The symplectic Fourier transform for a G t5^(R^'^) is defined by the 
formula 

Then ^ = is continuous on ^(R^'^), and extends as usual to a 
homeomorphism on ^'(R^'^), and to a unitary map on L^(R^°'). The 
symplectic short-time Fourier transform of a G ^'(R^'^) with respect 
to the window function ip G ^'(R^'^) is defined by 

V^a{X,Y) = 3^,{a^{ - -X))(y), X, y G R^'^. 

Assume that uj G ^(R^'^). Then we let and Wfj,"; (R^-^) 

denote the modulation spaces, where the symplectic short-time Fourier 
transform is used instead of the usual short-time Fourier transform 
in the definitions of the norms. It follows that any property valid for 
MJ;5(R2'^) or Vrf4(R2'^) carry over to M'^^^-^i^^'^) and Wf;^(R2^) respec- 
tively. For example, for the symplectic short-time Fourier transform we 
have 

(1.8) V^„^(^.a)(X,F) = e2-(^'^)V^a(F,X), 
which implies that 

(1.9) ^.A^[5(R^'^) = >VJ:^)(R^'^), uj,{XX) = u;{Y,X). 

Assume that a, 6 G ^(R^*^). Then the twisted convolution of a and 
b is defined by the formula 

(1.10) (a *^ b){X) = (2/71)^^/2 J _ y)5(y)e2-(^'^) dY. 

The definition of extends in different ways. For example, it extends 
to a continuous multiplication on ^^(R^'^) when p G [1,2], and to a 
continuous map from S^'{R'^'^)xy{R'^'^) to S^'{R^'^). If a, 6 G 
then a#6 makes sense if and only if a*ab makes sense, and then 

(1.11) a#b={2'K)-'"^a*^{^,b). 

We also remark that for the twisted convolution we have 

(1.12) ^^(a b) = (J^^a) *^b = d*^ (^,6), 

where d{X) = a{-X) (cf. [41,43,44]). A combination of (frTTll and 
([Til give 

(1.13) ^.(a#6) = {27T)-''/\^^a) {^J). 
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Next we consider the operator A in (I0.4p . We recall that A is a 
homeomorphism on ^'(R^'^), which restricts to a homeomorphism on 
^(R^") and to unitary map on /.^(R^"^). Furthermore, by Fourier's 
inversion formula it follows that the inverse is given by 

iA-'U)ix, = ^{Ui ./2-x,-/2 + 

when U G ^'(R^"'), which takes the form of 

iA-'U)ix,0 = (27r)-^/2y e^iy^Ouiy/2-x,y/2 + x)dy, 

when U G y{R^^). 

An important reason for considering the operator Aa is its close 
connection with the Weyl calculus (cf. Lemma fL4l) . and that 

(1.14) A{a*„h) = Aao Ah, 

when a G ^'(R^'^) (a G ^(R^-^)) and b G y{B}'^) (b G ^'(R^'^)). 
(See [17,41,43,44].) Here we have identified operators with their kernels. 

In the following lemma we list some facts about the operator A. 
The result is a consequence of Fourier's inversion formula, and the 
verifications are left for the reader. 

Lemma 1.4. Let A he as above and let U = Aa where a G ^'(R^'^). 
Then the following is true: 

(1) tJ = Ad, ifd{X) = a(-X); 

(2) J^U = A^^a, where J,^U{x,y) = U{—x,y); 

(3) A{^^a) = {27ry/^a'"{x,D) and {a'^ix, D)f, g) = {27r)~'^/^ {Aa, g® 
f) whenf^geYiR^); 

(4) the Hilbert space adjoint of Aa equals Aa, where a{X) = a{—X). 
Furthermore, if ai,a2,b G ^(R^'^), then 

{ai*„a2,b) = (ai,6*^a2) = (a2,ai*^6), (ai*^a2)*^6 = ai*^{a2*ab). 

Next we recall some facts on operators which are positive with re- 
spect to the form (see the end of the introduction). Assume that T 
is a linear and continuous operator from yilV^) to ^'(W). We say 
that T is positive semi-definite and write T > 0, if (Tf, f )i2 > for 
every / G ^(R*^). Furthermore, we also consider distributions which 
are positive with respect to the twisted convolution. 

Definition 1.5. Assume that a G ^'(R^'^). Then a is called a a- 
positive distribution if (a *o- (p,ip)L2 > for all cp G C^(R^'^^ The 
set of all cr-positive distributions is denoted by ^^(R^'^). Furthermore, 
^|(R^'^) n C(R^'^), the set of a-positive (continuous) functions, is de- 
noted by C+(R2rf). 

In [44] that it is proved that 

C and C+ C n n ^Cb, 
11 



where Cb(R^'^) is the set of bounded continuous functions on R'^ which 
turns to zero at infinity. 

The following result is a straight-forward consequence of the defini- 
tions, and shows that positivity in the sense of Definition II .51 is closely 
related to positive in operator and pseudo-differential operator theory. 
(See also [41,43].) 

Proposition 1.6. Assume that a G y{B?'^). Then 

ae^;(R2°') ^ Aa>Q ^ {,^,aY{x,D) >Q. 

In the end of Section [5] we also consider Toeplitz operators. Assume 
that a e ^(R2'^), /ii,/i2 e ^(R'^), and set fix) = f{-x) when / is 
a distribution. Then the Toeplitz operator Tp^^ h2^^)^ with symbol a, 
and window functions hi and /12, is defined by the formula 

(Tp,^,,^(a)/i,/2) = iaVf,Ji,V-,J,) = (a(2 ■ 

when /i,/2 G J^^iTV^). The definition of Tp^^^^^l*^) extends in several 
ways. For example, several extensions are presented in [5,25,41,43, 
45,48,49], in such ways that hi,h2 and a are permitted to belong to 
Lebesgue spaces, modulation spaces or Schatten-von Neumann symbol 
classes. 

The most of these extensions are based on the fact that the pseudo- 
differential operator symbol of a Toeplitz opertor can be expressed by 
the relation 

(a * u)t{x, D) = Tpj^^^^^{a) with 

(1.15) 

when t = 1/2, hi,h2 are suitable window functions on R'' and a is 
an appropriate distribution on R^'*. (See e.g. [5,41,43,45-47,49].) For 
general t, (I1.15P is an immediate consequence of the case t = 1/2, (11.61) . 
and the fact that 

^iit-s){D.,D,)^^ * m) = a * (e^(*-^)<^-^f>M), 
which follows by integrations by parts. 

2. Twisted convolution on modulation spaces and 

Lebesgue spaces 

In this section we discuss algebraic properties of the twisted convo- 
lution when acting on modulation spaces of the form W^'j. The most 
general result is equivalent to Theorem 0.3' in [26], which concerns con- 
tinuity for the Weyl product on modulation spaces of the form A4^^^-^ ■ 
Thereafter we use this result to establish continuity properties for the 
twisted convolution when acting on weighted Lebesgue spaces. 
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The following lemma is important in our investigations. The proof 
is omitted since the result is an immediate consequence of Lemma 4.4 
in [42] and its proof, ([LHD, (fTTT]) and (11121) . 

Lemma 2.1. Assume that ai G y'{B?'^), a2 G S^{K^'^) and ^\,^2 e 
^(R^'*). Then the following is true: 

(1) if = T^'^^i#^2, then Lp G y{Ii?'^), the map 

Z ^ e2^'^(^'^)(V^,ai)(X -Y + Z,Z) {V^,a2){X + Z,Y - Z) 
belongs to L^{'R'^^), and 

(2.1) V^{a,#a2){X,Y) 

= J e2-(^'^)(V^^ai)(X-F + Z, Z) {V^,a2){X + Z,Y - Z) dZ ; 

(2) if(f = 2"Vi *a f2, then (f G ^(R^"'), the map 

Z ^ e2-(^'^-^)(V^,ai)(X -Y + Z,Z) {V^,a2){Y -Z,X + Z) 
belongs to L^(R^'^), and 

(2.2) V^(ai*,a2)(X,F) 

= j e2^'^(^'^-^)(Vxiai)(^ - r + Z, Z) (Vx,a2)(r - Z,X + Z) 

The first part of the latter result is used in [26] to prove the following 
result, which is essentially a restatement of Theorem 0.3' in [26]. Here 
we assume that the involved weight functions satisfy 

(2.3) uJo{X, Y) < Cuji{X~Y+Z, Z)uj2{X+Z, Y-Z), X,Y,Z e R^'^. 
for some constant C > 0, and that Pj, qj G [1, oo] satisfy 

. , 111 /111 

2.4 — + = 1- - + 

Pi P2 Po ^qi q2 go 

and 

, , 11111111 

2.5 0<- + <_,_<_ + , j = 0,l,2. 

Pi P2 Po Pj <?i <?i <?2 go 

Theorem 2.2. Assume that ujq,uji,lu2 G ^(R^'^) satisfy ([23D, and 
that pj,qj G [l,oo] for j = 0,1,2, satisfy (12. 4p and (12.51) . Then the 
map (10. 5p on ^(R^'^) extends uniquely to a continuous map from 
M\^[]'{R^'^) X A^J'^J(R2'^) to Ml^'^]° {K'^'^), and for some constant C > 

0, the bound ^ holds for every ai G M^^^f^iK^'^) anda2 G M\^ff{R'^'^) 

The next result is an immediate consequence of ( II. 9p . ( I1.13p and 
Theorem 12. 2[ Here the condition ( 12. 3p should be replaced by 

(2.6) uJo{X,Y) < CuJi{X-Y+Z,Z)uj2{Y-Z,X+Z), X,Y,Z e R^'^. 
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and the condition (12.51) should be replaced by 

, , 11111111 
2.7 0<- + <-,-<- + , J = 0,l,2. 

gi 52 go Vj Qj Pl P2 Po 

Theorem 2.3. Assume that LUo,iUi,LU2 G ^{H^^) satisfy (12. 6p . and 
thatpj,qj G [1, oo] for j = 0,1,2, satisfy fl274l) and (lOT) . T/ien t/ze 
map (10. 7p on ^(R^'^) extends uniquely to a continuous map from 
Wf^[]'{R^'^) X >VJ^';5'(R2^) W['^°;5°(R2'^), and /or some constant C > 

0, the bound ^ holds for every ai G W^^[f{R'^'^) anda2 G Wf^;^'(R2'^) 

By using Theorem 12.31 we may generalize Proposition 1.4 in [43] 
to involve continuity of the twisted convolution on weighted Lebesgue 
spaces. Here the condition (12. 6p is replaced by 

(2.8) uo{Xi + X2) < Ccui(Xi)c^2(X2) 

Theorem 2.4. Assume that ujq,uji,uj2 G and p,pi,p2 G [1, 00] 

satisfy (12. 8p . Pi,P2 < P and 

n l\ 1 11 

max -,— < \ <1, 

\p p' / Pl P2 p 

for some constant C. Then the map (10.71) extends uniquely to a contin- 
uous mapping from L^^^_^^{'R'^^) X L^^^^^CR'^'^) L^^^^^(R^'^). Furthermore, 
for some constant C it holds 

\\ai *aa2\\L^ < CWaiW^vi J|a2||Lf2 

("O) {"1) {"2) 

when ai gLJ^^)(R2'^), and 02 G Lf'^jlR^'^). 

Proof. From the assumptions it follows that at most one of pi and p2 
are equal to cxd. By reasons of symmetry we may therefore assume that 
P2 < 00. 

Since 1^(2^) = M2^) = Lf^^ when iu{X,Y) = uj{X), in view of Theo- 
rem 2.2 in [46], the result follows from Theorem 12.31 in the case pi = 
P2= p=2. 

Now assume that 1/pi + 1/^2 — 1/p = 1, ai G L^^CR'^'^) and that 
02 G y{R^'^). Then 

\\a'i*aa2\\LP < (2/vr)"'/2|| |ai| * |a2| IliP < CHaiH^pi ||a2||iP2 

(t^o) ("o) ('^1) ("2) 

by Young's inequality. The result now follows in this case from the fact 
that ^ is dense in L^^^^y when p2 < 00. 

The result now follows in the general case by multi-linear interpola- 
tion between the case pi = p2 = p = 2 and the case l/pi + l/p2 — l/p = 

1, using Theorem 4.4.1 in [1] and the fact that 

{Ll^^{R''),{Ll^^{R'%e] = Li:^{R''), when 1^ + ^ = 1. 

^ ' ^ ' ^ ' Pl P2 Po 

(Cf. Chapter 5 in [1].) The proof is complete. □ 
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By letting Pi = p and P2 = ? < min(p, p'), or p2 = p and Pi = q < 
mm{p,p'), Theorem 12.41 takes the following form: 

Corollary 2.5. Assume that u!o,uJi, 002 G ^(R^"^) andp,q G [I, 00] sat- 
isfy (I2.8p . and g < min(p, p') for some constant C . Then the map f lO.Tp 
extends uniquely to a continuous mapping from /.^^^^(R^'^) x L^^_^^(R^'*) 

In the next section we need the following refinement of Theorem 12.41 
concerning mixed Lebesgue spaces. 

Theorem 12.41 . Assume that k G {1,2}, ujo,ll!i,uj2 G ^(R^'^) and 
P,Pj, q, qj e [1, 00] for j = 1, 2 satisfy ((23]), pi,p2 < p, qi, q2 < q and 

/I 1 1 1\ 1 1 11 1 1 

max < \ , — H <1, 

\p p' q q'J pi p2 p qi q2 q 

for some constant C . Then the map (10.71) extends uniquely to a con- 
tinuous mapping from x L^^^^^^^i^^'') to L^l^^^iYe"). Fur- 
thermore, for some constant C it holds 

when a, e Ll]^^^^){n'% and ^2 G L^-^^^)(R^'^). 

Proof. The result follows from Minkowski's inequality whenpi = qi = 1 
and when P2 = Q'2 = 1- Furthermore, the result follows in the case 
Pi = P2 = Q'l = Q'2 = 2 from Theorem 12.41 In the general case, the 
result follows from these cases and multi-linear interpolation. □ 



3. Window functions in modulation space norms 

In this section we use the results in the previous section to prove that 
the class of permitted windows in the modulation space norms can be 
extended. More precisely we have the following. 

Proposition 3.1. Assume that p,po,q,qo G [I, 00] andu!,v G ^{'R'^'^) 
are such that po, go < mm{p,p', q, q'), v = v and uj is v-moderate. Also 
assume that f G Then the following is true: 

(1) if^e Mf;;''°(R^) \ 0, then f G M^{R'') if and only ifV^f G 

L^'^^^ (R^*^) . Furthermore, \\f\\ = ||V"^/||l^'9 ^ defines a norm 

for M^J^(R,'^), and different choices of if give rise to equivalent 
norms; 

(2) if^e Wi:{^\n'') \ 0, then f G W^{n'') if and only ifVJ G 
Lg'^^-) (R^'^) . Furthermore, \\f\\ = \\V^f\\iP,<i ^ defines a norm 

for W^^'^(IV^), and different choices of ip give rise to equivalent 
norms. 
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For the proof we note that the relation between Wigner distributions 
(cf. (ll.Sp with t = 1/2) and short-time Fourier is given by 

iy;,,(x,0 = 2V<^'«>/V^/(2a;,20, 

which implies that 

(3.1) =2iy^/|Up,. when a;o(a:, = ^(2x, 2^ 
for A; = 1, 2. 

Finally, by Fourier's inversion formula it follows that if fi,g2 G 
y{K'^) and /i,^2 e L\R'^), then 

(3.2) Wf^^g, Wf,,,, = (/2, ^7i)L2Ty^,,,,. 

Proof of Theorem \3.1{ We may assume that = qo = min(p, p', g, q'). 
Assume that (p,i> & M^^^"''^" (R'^) C L^(R°'), where the inclusion follows 
from the fact that po, qo <2 and f > c for some constant c > 0. Since 
i) = V, and HKjV'Hi.po.io = ||Kz>V^||l''0'''o when v = v, the result follows if 

k,{v) 

we prove that 

(3.3) ||V,/|U..^^<C||V,/||,..^JV^^ 

for some constant C which is independent of / G o$^'(R'^) and v^, ^ 
Mf-^»(R'^). 

If pi = p, p2 = Po, = q,q2 = go, = ^(2 ■ ) and Wo = ^^(2 ■ ), then 
Theorem 12.41 and (13. 2p give 

and (13.31) follows. The proof is complete. □ 

4. SCHATTEN-VON NEUMANN CLASSES AND PSEUDO-DIFFERENTIAL 

OPERATORS 

In this section we discuss Schatten-von Neumann classes of pseudo- 
differential operators from a Hilbert space ^ to another Hilbert space 
J^2- Schatten-von Neumann classes were introduced by R. Schatten 
in [33] in the case Jifi = J^2- (See also [35]). The general situation, 
when J^i is not necessarily equal to J^, has thereafter been considered 
in [2,34,50]. 

Let ON(J^), j = 1,2, denote the family of orthonormal sequences 
in Jifj, and assume that T : Mi is linear, and that p G [1, oo]. 

Then set 

II^IL^p = \\TlM-m,M) = sup |(T/j,^j).ir2r) 
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(with obvious modifications when p = oo). Here the supremum is taken 
over all (/,) G ON(jri) and (gj) e ON(^). Then = ^^(^i,^), 
the Schatten-von Neumann class of order p, consists of all linear and 
continuous operators T from J^i to such that ||^|| j^p(jri,^) is finite. 
We note that ^oo('^, agrees with B{,j^i. ,-^2), the set of linear and 
continuous operators from J^i to J^, with equality in norms. We also 
let }C{Jifi, be the set of all linear and compact operators from M\ 
to and equip this space with the operator norm as usual. (Note 
that the notation .-/'i(^,^) was used instead of /C(J^, J^) in [48].) 
If = M2, then the shorter notation J^p(^) is used instead of 
^p(jri, J^), and similarily for B{^r,^<^ and /C(^i,^). 

Assume that (e^) is an orthonormal basis in J^, and that S e 
-^i(^)- Then the trace of S is defined as 

trjTi S = ^{Sej,ej),^,. 

For each pairs of operators Ti,T2 G J^ooi'^i, such that T2 o Ti e 
-^i(=^), the sesqui-linear form 

(Ti,T2) = (Ti,T2)^,,^, = tr^i(T2* oTi) 

of Ti and T2 is well-defined. Here we note that T G ,yp(^, ^) if and 
only if T* e J^p(^,^i). We refer to [2,35,50] for more facts about 
Schatten-von Neumann classes. 

In order for discussing Schatten-von Neumann operators within the 
theory of pseudo-differential operators, we assume from now on that 
the Hilbert spaces J^, J^^, J^fi, J^, . . . are "tempered" in the following 
sense. 

Definition 4.1. The Hilbert space C S^'{R'^) is called tempered 
(on R'^), if is contained and dense in J^. 

Assume that is a tempered Hilbert space on R*^. Then we let 
and J^^ be the sets of all / e y{R'^) such that / G ^ and / G 
respectively. Then J^f and J^'^ are tempered Hilbert spaces under the 
norms 

11/11^ ^11/11^ and 11/11^.^11711^ 

respectively. 

The L'^-dual, JT', of is the set of all (p e y"{R'^) such that 

\\(p\\jt-' = SUp|((/?,/)i2(Rci)| 

is finite. Here the supremum is taken over all / e ^(R*^) such that 
< 1- Assume that ip e M". Since ^ is dense in J^, it follows 
from the definitions that the map / > ((/?, /)l2 from ^{W'-) to C 
extends uniquely to a continuous mapping from to C. The following 
version of Riesz lemma is useful for us. In order to be self-contained, 
we also give a proof. 
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Lemma 4.2. Assume that Jif C ^'(R*^) is a tempered Hilbert space 
with L^-dual . Then the following is true: 

(1) J^' is a tempered Hilbert space which can be identified with the 
dual space of Jf through the L'^-form; 

(2) there is a unique map Typ from M' to M" such that 
(4.1) (/, g).^- = {T^ f, ^)L2(Rd); 

(3) ifT-^- is the map in (2), (ej)^^/ is an orthonormal basis in M' 
andSj = Tj^Cj, thenT^' is isometric, {ej)j^j is an orthonormal 
basis and 

Proof. We have that y C Jif' C and since is dense in Jif, it 
follows that y is dense also in Jf". 

First assume that f e g e ^(R^), and let T^f in ^'(R'^) be 
defined by (14. II) . By the definitions it follow that T^f e and that 
from ^ to J^' is isometric. Furthermore, since the dual space of 
can be identified with itself, under the scalar product of the 
asserted duality properties of J^' follow. 

Let {ej)j^i be an arbitrary orthonormal basis in J^f, and let Ej = 
Tj^Cj. Then it follows that \\£j\\je'' = 1 and 

Furthermore, if 

are finite sums, and we set (v2,7)jr' = {f,g).^', then it follows that 
( ■ , ■ ),^/ defines a scalar product on such finite sums in Jif', and that 
\\(p\\%i = i^p, ^p)jif'- By continuity extensions it now follows that {ip, 
extends uniquely to each 93,7 G J^f", and that the identity \\(p\\%, = 
{{p,ip)j^' holds. This proves the result. □ 

In what follows we call the basis (ej) in Lemma [42] as the dual basis 
of (ej). 

Corollary 4.3. Assume that Jif is a tempered Hilbert space on R'^. 
Then 

MliR'') C jr,^' C M!,,„,(R'^), 

for some s > 0. Furthermore, M^^^(R°') is dense in and , which 
in turn are dense in M^^ _^(R'^). 

Proof. The topology in can be obtained by using the semi-norms 
||/||[,]^ J2 Wx'^D^fU^, 5 = 0,1,2,.... 
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From the fact that y is continuously embedded in and in M" , it 
therefore follows that 

ll/IU' < C'||/||[^] and llv^lLif" < 

when / G provided s is chosen large enough. 

Since the completion of ^(R"^) under || ■ is equal to Mf^(R'^), 
the result follows by a standard argument of approximation, using the 
duality propoerties in Proposition ll.il (4), together with the facts that 
5^ is dense in M" , M]^ and in M^^ The proof is complete. □ 

Assume that Jifi,J^ C ^'(R'^) are tempered Hilbert spaces, t G R 
is fixed and that p G [1, oo]. Then we let Sp{J^i, M^) and p(^, J^) 
be the sets of all a G ^'(B?'^) such that Aa G J^p(^i,^) and 
at{x, D) G J^p(^i, J^2) respectively. We also let sf{J^i, J^) and J^) 
be the set of all a G ^'(R^'^) such that G /C(^i, and a4(x, D) G 
/C(J^,^) respectively. These spaces are equipped by the norms 

\\(^\\st,p(-^i,-M) = Iktl^^) -D)||,yp(.iri,if^), \\0'\\sA(._m_,._^i,) = ||Aa||,^j,(.^^_^2), 

= 110-1154,00(^1,^2)) l|oL^(^i,^2) = Il'^lls4(^i,^2)- 

Since the mappings a Aa and a ^— at{x,D) are bijections from 
^'{'R?'^) to the set of linear and continuous operators from ^(IV^) 
to ^'(R'^), it follows that a i— > and a i— > at{x,D) restrict to 
isometric bijections from Sp(J^,^) and St^p{Jifi, J^2) respectively to 
J^p{J^i, J^2)- Consequently, the properties for J^(^,^) carry over 
to Sp{J^i, .Wq) and ^). In particular, elements in ^) 

of finite rank (i. e. elements of the form a G such that Aa 

is a finite rank operator) are dense in J^) and in 

when p < cxD. Since the Weyl quantization is particularly important in 
our considerations we also set 

Sp = st,p and s[f = St,tt, when t = 1/2. 

If ci;i,ci;2 £ ef^(R^'^), then we use the notation s^{uj\,ijJ2) instead of 
Sp (M(^^^^, M^^^^-j). Furthermore we set Sp (tui, ^^2) = Sp(R^'^) if in addi- 
tion tui = ti;2 = 1- In the same way the notations for s^ ^, , Sf jj and 
sj" are simplified. 

Remark 4.4. Assume that t, ti,t2 G R, p G [l,c>o], are tem- 

pered Hilbert spaces on R'' and that a, 6 G c5^'(R^'^). Then it follows 
by Fourier's inversion formula that the map e^^i^^^^d is a homeomor- 
phism on ^(R^*^) which extends uniquely to a homeomorphism on 
Furthermore, by ([O]) it follows that e*(*2-*i)(^-.^e> restricts 
to an isometric bijection from St^,p(^,e^) to St2,p(J^, J^). 

The following proposition shows how St,p{J^i, ^2) , Sp(^,^) and 
other similar spaces are linked together. The proof is essentially the 
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same as the proof of Proposition 5.1 in [50]. Here and in what follows 
we let a^(a;,0 = ci{x, be the "torsion" of a G y{B?'^). 

Proposition 4.5. Assume that t G R, M\^M2 are tempered Hilbert 
spaces in R'^, a G y{Yl^'^), and that p G [1, oo]. Then s^(^i,^) = 
Sp i'^i, ■ Furthermore, the following conditions are equivalent: 

(1) aGs-(,^i,^2); 

(2) ^^a G s-(^i,^2) = s^{je,,^2); 

(3) aGs-(^2',^/); 

(4) esf{je,\je,n; 

(5) des';;{J^uJi2); 

(6) SGs-(^2',^/); 

(7) e^(*-i/2)(Be,i5.)^ ^ St,p{jri,J^2). 

Proof. Let ai = ^^0', a2 = a, = a"^ , = d and 05 = a. Then the 
equivalences follow immediately from Remark 14.41 and the equalities 

{a'"ix,D)f,g) = {a^ix,D)f,g) = if,a^{x,D)g) 

= ia^{x,D)J,g) = {a:{x,D)f,g) = {f,anx,D)g), 

when a G y'{'R'^'^) and /, G y{'R'^). Here the first equality follows 
from the fact that if K{x,y) is the distribution kernel of a^{x,D), 
then K{—x, y) is the distribution kernel of {^aa)'^{x, D) = (27r)"'^/^Aa. 
(Cf. [41,43].) The proof is complete. □ 

In Remarks 14.61 and 14.71 below we list some properties which follow 
from well-known results in the theory of Schatten-von Neumann classes 
in combination with (I1.14p and the fact that the mappings a 

at{x,D) and a Aa are isometric bijections from Sf p(^,^) and 
s^{J^i,J^2) respectively to ^^(^^1,^2)- (We refer to [2,35,50] for cor- 
responding results about the spaces.) Here the forms ( ■ , ■)s^ 2{M,M) 
and ( ■ , ■ )s^(^i,^2) defined by the formula 

(a, &)st,2(^i,^2) = {(J't{x, D), bt{x, -D)),y2(.^^,.^2), a, 6 G 81,2(^1, ^2) 

and 

(a, ^)s24{,ifi„ir2) = {Aa, v46).^2(^,,,^2), ^ ^ 

We also recall that p' G [1, 00] is the conjugate exponent for p G [1, cxd], 
i.e. 1/p + 1/p' = 1. Finally, the set consists of all sequences in l°° 
which turns to zero at infinity, and Iq consists of all sequences (Aj)jg/ 
such that Xj = except for finite numbers of j G /. 

Remark 4.6. Assume that p,pj,q,r G [1, 00] for 1 < j < 2, t G R, 
and that J^i,...,J^4^ are tempered Hilbert spaces on R'^. Then the 
following is true: 
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(1) the set Stp(^,^) is a Banach space which increases with 
the parameter p. If in addition p < oo and pi < p2, then 

^) C ^) is dense in St,p{Jifi, 

and in Sju(=^,.^), and 

(4-2) \W\\st,p2{jei,jr2) < \\a\\st,p^{.M,.m)^ a e St,oo(^,^); 

(2) equality in (14.21) is attained, if and only if a is of rank one, and 

then \\a\\stp{M,mp = i'^'^)~'^^^\\fo\\.m\\9o\\.%'2, when a is given by 
([LSI); 

(3) if l/pi + l/p2 = ai G St,p,(.^,^) and ai G St,p,(^,^), 
then a2#tai G Sf^r(^,=^), and 

(4.3) \\a2i^tO'i\\stAM,m < lkiLt,pi{-i?i,.^2)lk2||st,p2(.ir2,jr3)- 

On the other hand, for any a G ^(J^, =^), there are elements 
Oi £ ■5t^p^(=^, J^) and a2 G St^p2('^5=^) ^^ch that a = a2#tai 
and equality holds in (14. 3p : 

(4) if J^i C and ^3 C then St,p(J^, J^) C St^p{J^u J^). 

Similar facts hold when the St^p spaces and the product #j are replaced 
by Sp spaces and *o-. 

Remark 4.7. Assume that p,Pj,q,r G [l,oo] for 1 < j < 2, t G R, 
and that Jifi, . . . , J^4^ are tempered Hilbert spaces on R'^. Then the 
following is true: 

(1) the form (■ , ■ )st,2(.^i,.^2) St,i{J^i, J^2) extends uniquely to a 
sesqui-linear and continuous form from St^p{J^i, ^) x Sjy {J^i, ^) 
to C, and for every ai G St,p{Mi, M2) and 02 G (^, =^), it 
holds 

(01,02)34,2(^^1,^^2) = (^2, ai)st,2(^i,-^2); 
|(ai, a2)st,2(.-^i,^2)l ^ lkilU,p(^i,.ir^)||o2||st_p,(^i,^2) ^^^d 
lkilU,p{^i,^2) = sup |(ai, 6)st_2{^i,jr2)|, 

where the supremum is taken over all h G Sjy (J^, =^) such that 
II^IU p/(^i,^2) — 1- If ill addition p < 00, then the dual space of 
St,p(^,^) can be identified with Sty(e^,^) through this 
form; 

(2) if a G st,j(^i, J^), then 

00 

(4.4) at{x, 

i=i 

holds for some (/j)°^i G ON(jri), (c/j)°^i G 0N(^2) and A = 
(Aj)°^]^ G /[5°, where the operator on the right-hand side of ( 14. 4p 
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convergences with respect to the operator norm. Moreover, a e 
•St,p(^, if and only if A G and then 

||a||,,^ = (27r)-^/2||A||,. 

and the operator on the right-hand side of (14.41) converges with 
respect to the norm || ■ WstA-^i^^^)'^ 
(3) If < ^ < 1 is such that l/p = (1 - d)/pi + d/p2, then the 
(complex) interpolation space 

('St,pi(^, ^), St,P2(^) ^))[6'] = ■St,p(^,^) 

with equality in norms. 
Similar facts hold when the ^ spaces are replaced by spaces. 

A problem with the form ( ■ , ■ )st,2{^i,M) Remark [4?7l is the some- 
what complicated structure. In the following we show that there is a 
canonical way to replace this form with (-,0)2,2. We start with the 
following result concerning polar decomposition of compact operators. 

Proposition 4.8. Assume that Jifi andJ^ are tempered Hilbert spaces 
on R"', a G St^^{J^i, M2) and that p G [1, 00]. Then 

(with norm convergence) for some orthonormal sequences {(pj)j^i in 
M'l and {fj)j(zj in J^, and a sequence {Xj)j(zi G /|f of non-negative 
real numbers which decreases to zero at infinity. Furthermore, a G 
St,p{'^ii '^2), if CLf^d only if G l^ , and 

\W\\st,piM,M) = (27r)"'^/KAj)j6/||;p. 

Proof By Remark O (2) it follows that if / G ^(R"^), then 

(4.5) at{x, D)f{x) = J2 fj)M9j 

for some orthonormal sequences {fj) in J^i and {gj) in and a 
sequence (Aj) G l"^ of non-negative real numbers which decreases to 
zero at infinity. Now let {(pj)j(zj be an orthonormal sequence in J^' 
such that i(Pj,gk)L2 = Then {f,fj)M = {f,1j)L^, and the result 
follows from (14. 5p . and the fact that 

iWU,ix,D)f = {f,^,)L.g, = ifJ,)M9r 

The proof is complete. □ 

Next we prove that the duals for St^p{J^i,J^) and Sp{J^i, M2) can 
be identified with sty(^', J^') and Sp,(J^',^') respectively through 
the form ( ■ , 0)^2. 
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Theorem 4.9. Assume that t G R, p G [1, C)o) and that J^i,J^ are 
tempered Hilbert spaces on R"^. Then the form on ^^(R?'^) extends 
uniquely to a duality between St^p{Mi, M2) and s^y (J^', J^'), and the 
dual space for St^p{J^i, ^2) can be identified with St,p'{J^i, '^2) through 
this form. Moreover, if i E st^p{rWi, M2)* and a G are 
such that i{b) = (0,6)^2 vjhen b G St,p{J^i, M2) , then 

The same is true if the St^p{J^i, M^) spaces are replaced by Sp{Jifi, J^) 
spaces. 

Proof. We only prove the assertion in the case t = 1/2. The general 
case follows by similar arguments and is left for the reader. Assume that 
i G Sp{J^i, M2)* . Since the map h ^ b'^{x, D) is an isometric bijection 
from to ^p{M{,M'2), it follows from Remark O (1) that 

for some S G J^p'^^i, ^^2) and each orthonormal basis (cj) G ON(J^) 
that 

£(6) =tr^i(5*o6-(x,Z})) = V(6-(x,D)e„5e,U and 
(4.6) ^ 

¥\\ = \\sy^,i.m,M), 

when b G s^(^i,e^). 

Now let b G Sp{J^i, J^2) be an arbitrary finite rank element. Then 

& = E^^-^/.'^. ||6||.»(^„^^) = (27r)-^/2||(A,)|k., 

for some orthonormal bases (ej) G ON(J^') and (/j) G ON(J^), and 
some sequence (Xj) G ll. We also let (e^) G ON(^i) be the dual 
basis of {Sj) and a the Weyl symbol of the operator o 5* o T^_i. 
Then a G Sp/(=^,=^) and ||a||s'",(^i,,ir2) = ||^||- By straight-forward 
computations we also get 

iib) = tT,^^iS*ob^(x,D)) = J2ib'"{x,D)e„Se,)^, 

= (27r)-^/2^A,(iy/^,,^.,a)z.2(R2.) = {27r)-''/\b,a)L2(^2,y 

Hence i{b) = (27r)""'/^(6, 0)2,2(^2^). The result now follows from these 
identities and the fact that the set of finite rank elements are dense in 
Sp {J^i, J^) . The proof is complete. □ 

Finally we remark that is contained and dense in St p. 

Proposition 4.10. Assume that p G [1, 00), and that J^i and M2 are 

tempered Hilbert spaces on R*^. Then ^(R^'^) is dense in St^p{J^i, 
s^{Mi,J^2), and sf{J^i,M'2). Furthermore,^ ^{1^'^) is 
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dense in St^ooi.'^i, '^2) o-nd s^{J^i, .^2) with respect to the weak* topol- 
ogy- 
Proof. The result is an immediate consequence of Theorem 4.13 in [48], 
Remark (4) and Corollary I4.3[ The proof is complete. □ 

Remark 4.11. Except for the Hilbert-Schmidt case (p = 2), it is in gen- 
eral a hard task to find simple characterizations of Schatten-von Neu- 
mann classes. Important questions therefore concern of finding embed- 
dings between Schatten-von Neumann classes and well-known function 
and distribution spaces. Here we recall some of such embeddings: 

(i) in Chapter 4 in [35], it is proved that if Q is a unit cube on R*^, 
1 < p <2 and / and g are measureable on R'' and satisfy 

( E ( / \f{x)\'dxyy^" <oo, 

and similarily for g, then f{x)g{D) G J^pi^L"^), or equivalently, 
f{x)g{0 e Si,p(R2^) when t = 0; 

(ii) Let i?^'^(R'^) be the Besov space with parameters p,q & [1, 00] 
and s G R (cf. [43,45,47,48] for strict definitions). In [43] sharp 
embeddings of the form 

(R2'^) C s^(R2'^) C BPfiR^"^) 

is presented. Here 

(4.7) qi = mm{p,p') and q2 = max{p,p'). 

We also remark that the sharp embedding i?^'^(R^'^) C st,oo(R^'^) 
for certain choices oft was proved already in [3,4,30,37]; 

(iii) In [48, Theorem 4.13] it is proved that if cji,cj2 G ^{B?"^), 
^{x, T], y) = uj2{x -ty,^ + {l- t)r])/uji{x + (1 - t)y, ^ - tr]) 

and p, qi,q2 G [1, 00] satisfy f l4.7p . then 

(4.8) Mf4^(R2^) C s,,(^i, u;2) C M^^K''). 

In particular, (14.81) covers the Schatten-von Neumann results 
in [23,36,45], where similar questions are considered in the case 
uJi = LJ2 = uj = 1. Furthermore, in [48], embeddings between 
St^p{uji,U2) and Besov spaces with Ui = U2 are established. 

5. Young inequalities for weighted Schatten-von 

Neumann classes 

In this section we establish Young type results for dilated convolu- 
tions and multiplications on St,p{J^i, J^) and on Sp{J^i, J^), under 
the assumptions that Jifi and are appropriate modulation spaces 
of Hilbert type. 
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As a preparation for this we prove some technical lemmas, and start 
with the following classification of Hilbert modulation spaces. 

Lemma 5.1. Assume that u G H^ilV''^) is such that u{x,y,^,r]) = 
uj{x,0, X e ^(R'^) \ and that F e y{B?'^). Then F e Mf^y if and 
only if 

(5.1) ||F|| ^{jjj \V^{F{- ,y)){x,0^{x,0?dxdydif'\ 

Furthermore, F ^ ||F|| in (15. ip defines a norm which is equivalent to 
any M^^^ norm. 

Proof. We may assume that HxlU^ = 1- Let Xi = X ® X? ^ind let ^iF 
denotes the partial Fourier transform of F{x, y) with respect to the x 
variable. By Parseval's formula we get 

"^"^^(l) ^ 1 1 1 1 \'y^x<^5xF)i^^y^^^v)^i^^0?dxdydidr] 





I (^ (F xi( ■ - (a;, y))) (e, r])u{x, 0\' dydr]j dxd^ 
I (^1 (F( ■,z)x{- - x)) iOxi^ - yMx, 01' dydz) dxd^ 



II (/ -x)){Ou^{x,0\'dz) dxd^=\\Fl 

where the right-hand side is the same as ||F|| in (15. ip . The proof is 
complete. □ 

The following lemma is a cornerstone in our further investigations. 
We omit the proof since the result agrees with [43, Lemma 3.2]. 

Lemma 5.2. Assume that s,t G R satisfies (— l)-'s~^ + (— l)'^t^^ = 1, 
for some choice of j,k G {0, 1}, and that a,b & o5^(R^'^). Also let Tj^z 
for j G {0, 1} and z G R"^ be the operator on ^(R^*^), defined by the 
formula 

{To,zU){x, y) = {T^,zU){y, x) = U{x - z,y + z), Ue ^(R^^). 
Then 

(5.2) A{a{s-)*b{t-)) 

= {2nY/'\st\-'' [ {T,^UAa)){s-' ■){T,^.tMbm-' ■)dz. 



In Theorem 15.31 concerns dilated convolutions of Sp spaces. Here the 
conditions on the involved weight functions are 

^(Xi +X2) < C^9,,,i(tiXi)^,,.2(t2X2) 

(5.3) 

^(Xi +X2) < Ca;,„i(tiXi)^,,,2(t2X2) 
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where 

(5.4) cuo,,(X) = A,k{-X) = MX), V- W = = MX) 
and 

(5.5) {-1)H^' + (-1)^%' = 1. 

For convenience we also set Ut = u{-) and aj^t = aj{t-). 

Theorem 5.3. Assume that pi,p2,r G [l,oo] satisfy flO.Op . and t/tat 
^1,^2 G R- satisfy (|5.5p . /or some choices ofji,j2 G {0, 1}. ^4^0 assume 
that uj,ujj,^,^j G ^(R^"') /or j = 1,2 sai«s/t/ (JSIl) and (El). T/ien 
t/ie mapping (01,02) 1-^ ai,ti * 02,42 on ^(R^'^), extends uniquely to a 
continuous mapping from 5^^(1/^71, i^i) x 5^2(1/1^2? ''^2) io {1 / u , 1!}) . 
One has the estimate 

(5.6) ||ai,j^ * 02,(2) II Si5(l/a;,i?) ^ C"^lkl||s^JlM,i?i)ll'^2||s^2(lM,i92)5 

where C = Cq |ti|^^^^^ 1^21"^^^^ for some constant Co which is indepen- 
dent of ti,t2 and d. 

Before the proof we note that for the involved spaces in Theorem 15.31 
we have 

(5.7) s^(l/cu, ^) C s^ilC^) C s^{u, l/d), when cu, ^ > c, 

for some constant c > 0. This is an immediate consequence of Remark 
WM (4) and that the embeddings mJ,^ C M^'^ = C M^^^/^^ hold 
when uo is bounded from below. In particular, 
(5.8) 

sl^(l/w,t9) C s^^(r2'^) C C^(R2'^)n^C^(R'^)nL2(R2'^), when uj,d>c, 

where the latter embedding follows from Propositions 1.5 and 1.9 in 
[44]. 

Proof. Again we only consider the case ji = 1 and j2 = 0, i. e. — 
= 1 when ti = s and t2 = t. The other cases follows by similar 
arguments and are left for the reader. We may assume that W = T*R'^, 
and start to prove the theorem in the case p = g = r = l. By Proposi- 
tion 1.10 and a simple argument of approximations, it follows that we 
may assume that ai = u and 02 = v are rank one elements in and 
satisfy 

for some constant C . If A is the mapping in (0.1), then it follows that 

Au = fi® f2 and Av = gi® ^27 ^^id 

II/i||m2^^JI/2||m2^^, < C'l||^L^l(l/a;i,i»i)7 

lkl||M2^^,ll^2||M2^^) < Cl||^^L^l(lM,i?2)' 
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for some vectors fi, f2, di, 92 ^ such that 

ll/lllMf, , < C2, \\f2\\Mf , < C2, Mm^, , < C2, \\92\\Mf , < C2, 
(^1) ("1) (''2) ("2) 

for some constants Ci and C2. 
Set 

F{x,z) = f2ix/s+sz)gi{x/t+tz), G{y,z) = fi{y/s-sz)g2{y/t-tz). 
It follows from (Q that 

A{us*vt)ix,y) = {2TiY'^\st\~'' j F{x,z)Giy,z)dz. 

This implies that 

\\us * vtL^i^.,) < (2vr)'^/^|str^ / ||F( ■ , z)\\M^JGi ■ , z)|U.^ , 

(5.9) 

<C|str"/i-/2, 

where 

/i= ( /// |\/^(F(-,^))(x,0^9(x,OI't^a;dzde)'^' 

(5.10) 

|y;,(G'(-,^))(x,0^(x,OI't^^t^^rfe^ 
Hence, Ji < C||F|L/2 and I2 < C||G'|L/2 by Lemma ISTTl when 

{''0) (t^o) 

t^o(a;, y, ^, ??) = and ^o{x, y, ^, r]) = ^{x, 0- 

We need to estimate ||-F||m2 and ||G||m2 • In order to estimate 

{I'd) ("o) 

II-^IIm^j J we choose the window function x ^ ^(R^'^) as 

Xix,z) = xoix/s + sz)xoix/t + tz), 

for some real- valued Xo ^ =5^(R'^). By taking {xi/s + szi,Xi/t + tzi) as 
new variables when evaluating V^F we get by formal computations 

V^F{x,z,^,0 

= {2ny^ [ [ zi)x{xi -x,zi- ^)e-*<^'i'«>-^<"i'^> dx^dzi 




(27r) ''■\st\ jj f2{xi)gi{zi)xo{xi-{x/s + sz))xo{zi-ix/t + tz))x 

^ ^-.(ri.,-.-i..„o+(.t)-(t-x,-.-.„o ^^^^^^ 



kt|-X/2(^-'a; + sz, s-i^ - (st2)-iC)K,^(^i(t-ia;+t^, t-'^-{sh)(). 
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Furthermore, by (15.3p . (15.4p and the fact that t ^ — s ^ = 1, we 
obtain 

< Cuji{s'^x + sz, s-^i - {st^y\)Mt~^x + tz, r^^ - {shy\) 

A combination of these relations now gives 

(5.11) \V^F{x,z,^,Cmx,0\ < C\st\-^J, ■ J2, 
where 

Ji = \V^of2{s-'x + sz, s-^e - {stY'Ou^iis-'x + sz, s-^e - {stY\)\ 
and 

J2 = \v^Mt"'x + tz,t-'^ - {sH)OUt~'x + tz,t-'^ - {sH)-\)\. 

By applying the norm and taking 

s'^x + sz, r^x + tz, s'^^ - {st'^y^c, t'^^-isHy^c 

as new variables of integration we get 

(5.12) \\F\\m^^^ < C\str'''\\M,,.JMMf,^y 
By similar computations it also follows that 

(5.13) \\G\\m^^^ < C\st\-'^\\M\MfJ\92\\Ml^y 

Hence, a combination of Proposition iSl O, IKW^ . ([512D and ([513ll 

gives 

\\Us*Vt\\,A(^y^^^^<Ci\st\-''\\h\\M^^Jf2\\Mf^^^^^^ 

< C2\st\ '^||'"L^(l/a;i,i?i)ll'"lls{^(l/(^2,i?2)- 

This proves the result in the case p = q = r = 1. 

Next we consider the case pi = r = oo, which implies that p2 = I. 
Assume that a e s^{l/uji,^i) and that 6, c G ^(R^'^). Then 

(as * bt, c) = \s\~^'^{a, bt^ * Cso), 

where b{X) = b{—X), sq = 1/s and to = t/s. We claim that 

(5.14) <c\sytnbi 

Admitting this for a while, it follows by duality, using Theorem 14.91 
that 

hs * bt\\sA(^i/u;,-0) < C'kV^P'^'S~^"'l|a||s4(iMA)II^L^^(iM,i?2)' 

which gives (15. 6p . The result now follows in the case pi = r = oo and 
P2 = 1 from the fact that y is dense in 5^(1/072,^92)- In the same way 
the result follows in the case p2 = r = 00 and pi = 1. 
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For general Pi,P2,i^ € [1; oo] the result follows by multi-linear inter- 
polation, using Theorem 4.4.1 in [1] and Remark HTfl (3). 

It remains to prove (15.141) when 6, c G ^(R^'^). The condition (15.50 
is invariant under the transformation (t, s) t— (to, Sq) = (t/s, l/s). Let 

UJ = 1/uJi, ^=1/^1, UJi = l/u, 

•^i = 1/^, LJ2 = '&2 and = ^2- 
If Xi = -(X + Y)/s and X2 = Y/s, then it follows that 

Cu(Xi + X2) < CM-sXi)LU2itX2) 

and 

+X2) < Ccui(-sXi)7?2(tX2), 

is equivalent to 

uiX + ¥)< CM-SoX)u2itoY) 

and 

diX + ¥)< Cu^i-SoX)d2itoY). 
Hence, the first part of the proof gives 

* Csolls^(wi,l/i?i) = ll^to * '^solL^{l/w,^f) 

= C|Soto| ^'^ll^lls^{l/i»2,(^2)ll^ls^'(a;,l/'?) 

= C\Soto\ '^'^\\b\\s^{l/uJ2,^2)\\^\s^iiJ,l/^)^ 

and (l5TiD follows. □ 

Remark 5.4. A proof without any use of interpolation in the case of 
trivial weight is presented in Section 2.3 in [41]. 

There is a natural generalization of Theorem 15.31 to the case of more 
than two factors in the convolution. We recall that the corresponding 
Young condition (10. 9p for the exponents when we have convolutions 
with N functions is 

(EH)' pi-'^ + ---+Pn~^ = N -l + r-\ l<Pi,...,PN,r <oo. 
The condition on the involved weight functions is 

^(Xi + . . . + X;v) < c^nAti^i) ■ ■ ■ ^.^AtNXM) 

cu(Xi + ■ ■ ■ + Xjv) < CtUj,,iihX,) ■ ■ ■ cOj^^NiiNX^) 
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where 

(EJ)' ^o,fc(x) = A,k{-x) = Uk{x), ^oA^) = u,A-x) = MX) 

and 

(EHD' (-ir^r" + ■ ■ ■ + (-1)'^^^' = 1- 

Theorem 15.31 . Assume that pi, ... ,pN,r G [l,oo] satisfy f lO.Qp ^. and 
that ti,...,tAr G R satisfy . for some choices of ji, . . . , Jn G 

{0, 1}. Also assume that u, uj, t?, G ^(R^°') /or j = 1, . . . , satisfy 
(15.31) ^ and (153|)'. T/zen t/ie mapping (ai, . . . , oat) h-^ ai_t^ * ■ ■ ■ ^aAr^f^^ on 
^(R?'^) extends uniquely to a continuous mapping from Sp^{l/uJi,'di) x 
••• X Sp^{1/ujn,i^n) to s^{l/uj,{}). One has the estimate 

Ikl,*! * ■ ■ ■ *CtAr,tjvl|s^*(l/a;,i9) 

(ED' ^ 

where C = C^\ti\^'^^''''^ ■ ■ ■ |tAf|^^^^^ for some constant Cq which is in- 
dependent of N, ti, . . . ,tM and d. 

For the proof we need the following lemma. 

Lemma 5.5. Assume that p,ti, . . . ,tj^ G R \ fulfills (15 .Sp ' and + 

= 1, and set t'j = tj/p, 

uj{X) = mfuJj^At[Xi) ■ ■ ■ujj^_^^N-i{t'N-iXN-i) 

and 

d{X) = inf ^,,,i(t;Xi) ■ ■ ■^9,^„,,^_i(4_iX^_i), 

where the infima are taken over all Xi, . . .Xj^_i such that X = Xi + 
■ ■ ■ Xj\f_i. Then the following is true: 

(1) uje ^(R2^); 

(2) for each Xi, . . . Xn-i G R^'^ it holds 
u{Xi + ■■■ + Xn-i) = ujj,,i{t[Xi) 

and 

^(Xi + --- + X;v-i) =^,„i(t'iXi) 

(3) if C is the same as in (I5.3I) '. then for each X, y G R^'^ it holds 

u{X + Y)< Cu{pX)uN{tNY), and ^{X + Y) < C^{pX)^N{tNY). 

Proof. The assertion (2) follows immediately from the definitions of uj 
and {}, and (3) is an immediate consequence of (15.3P '. 
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• ■ ■ ^jN-i,N-lit']^-lXN-l) 



In order to prove (3) we assume that X = Xi + ■ ■ ■ + X^v-i- Since 
e ^(R^'^), it follows that 

^{X + Y)< ^,„i(t;(Xi + Y)) ■ ■ •u;,^_,,A._i(4_iX^_i) 

for some v G <^^(R^'^). By taking the infimum over all representa- 
tions X = Xi + • ■ ■ + Xat, the latter inequality becomes u{X + Y)< 
uj{X)viY). This implies that u G ^(Tl'^'^), and in the same way it 
follows that {} G The proof is complete. □ 

Proof of Theorem \5.3\ . We may assume that N > 2 and that the the- 
orem is already proved for lower values on X. The condition on tj is 
that Citi'^ + ■ ■ ■ + CNtJj^ = 1, where Cj G {±1}- For symmetry reasons 
we may assume that cit]"^ + •••-!- CN-it'^^_i = where p > 0. Let 
t'j = tj/p, u) and 'd be the same as in Lemma 15751 and let ri G [1, oo] be 

such that l/ri + l/p7v = 1 + 1/r. Then Ci{t\)~'^ + - ■ • + cjv-i(t'7v_i)~^ = 1, 
ri > 1 since pn < t, and 

l/pi + ■■■ + l/pN-i = X - 2 + 1/ri. 

By the induction hypothesis and Lemma [5751 (2) it follows that 

h = ai^t[ aAr-i,t^_^ = p'^^^^"'^H«i,ti * ■ ■ ■ * ctiV-i,tjv-i)(Vp) 

makes sense as an element in s^^(l/ci5, ^9), and 

for some constant C. Since 1/ri + 1/pn = 1 + l/r, it follows from 
Lemma lSTSl (3) that hp*a^tN makes sense as an element in s^il/u.^d), 
and 

where 

N-l N 

i=i j=i 

This proves the extension assertions. The uniqueness as well as the 
symmetri assertions follow from the facts that is dense in when 
p < oo and dense in with respect to the weak* topology, and that at 
most one pj is equal to infinity due to the Young condition. The proof 
is complete. □ 
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The first part of the following result follows by combining Theorem 
15.31 . Proposition 14.51 and 

(5.15) ^,(ai * ■ ■ ■ * a^) = 7r'^^(^.ai) ■ ■ ■ (^.a^v), 

when oi, . . . , Oat G ^(R^*^). Here the condition is replaced by 

(5.16) {-iyHi + --- + {-iy^t% = i. 

Theorem 5.6. Assume that pi, ... ,pN,r G [l,oo] satisfy (10.91) ^. and 
that ti,...,tN G R satisfy f l5.16p . for some choices of ji, . . . , Jn G 
{0,1}. Also assume that uj,ujj,^,^j G ^(R^"') for j = 1,...,N sat- 
isfy (15. and (El])'. T/zen the mapping (ai, . . . , oat) ai^n ■ ■ ■ o,N,tN 
on S^{T{?'^), where aj^tji^) = aj{tjX), 1 < j < N , extends uniquely 
to a continuous mapping from Sp^{l/ui,'di) x •■■ x Sp^{l/ujN,'dN) to 
s^(l/c(j, ^9). One has the estimate 

(5.17) 

where C = C,^|ti|~^/^'i ■ ■ ■ |tAr|~^^^^ for some constant Cq which is in- 
dependent of N, ti, . . . ,tN and d. 

Moreover, the product is positive semi- definite in the sense of Defi- 
nition \1.5l if this is true for each factor. 

Proof. When verifying the positivity statement we may argue by induc- 
tion as in the proof of Theorem 15.31 . This together with Proposition 
11.61 and some simple arguments of approximation shows that it suffices 
to prove that Osh is positive semi-definite when ±s^ ± = 1, st 7^ 0, 
and a, 6 G o$^(R^'^) are a-positive rank-one element. 
We write 

aA = 7r-'^^,(^,a, * ^A) = 7r-'^|str''^^,((^,a)i/, * (^,6)i/t). 
If we set for any U G y{V © V"), 

Uo,zi^^ y) = Ui,zi-y, -x) =U{x + z,y + z), 
then it follows from Lemmas 11.41 and 15.21 that 

A{asbt){x,y) = {2/'KY''^\st\-'^ j {Aa)j^,i,{sx, sy){Ah)k,-z/t{tx,ty) dz, 

for some choice of j, k G {0, 1}. Since a,b E C+ are rank-one elements, 
it follows that the integrand is of the form (pz{x) ® 4>z{y) in all these 
cases. This proves that A^agbt) is a positive semi-definite operator. □ 

The following two theorems follow immediately from Proposition l4.5l 
Theorem 15.31 and Theorem 15.61 Here the condition (15. 4p ' is replaced by 

(EJ)" Uo,k{X) = ^i,fe(X) = UkiX), ^o,fe(X) = uJi,k{X) = MX). 
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Theorem 5.7. Assume that pi, ... ,pj^,r G [l,oo] satisfy (10.91) ^. and 
that ti,...,tj\i G R satisfy (15 .Sp ^. for some choices of ji, . . . , G 
{0, 1}. ^4/50 assume that u, Uj, -(9, -^j G ^(R^'^) for j = 1, . . . , N satisfy 
{\5.3\) ' and . Then the mapping (oi, . . . , a^v) ^ a,i,ti * ■ ■ ■ * aN,tM 

on ^(R^'^), where aj^tji^) = cijitjX), I < j < N , extends uniquely to 
a continuous mapping from 

to {1 / LJ , . One has the estimate 

* ■ ■ ■ *aAr,tjv II (1/(^,1?) 

(5.18) 

<r r<i\\n II 11/7 II 

^ ^ IIOilU- (l/c^i,^>i) ■ ■ ■ \\a'N\\s^^{l/ujr,,i)r,), 

where C = C,^|ti|^^/^^ ■ ■ ■ |tAr|~^^^^ for some constant Cq which is in- 
dependent of N, ti, . . . ,tM and d. 

Moreover, if aJ{x,D) > for each I < j < N, then {ai^n * ■ ■ ■ * 
aN,t^r{x,D)>0. 

Theorem 5.8. Assume that pi, ... ,pN,r G [l,oo] satisfy (10.91) ^ . and 
that ti,...,tM G R satisfy f l5.16p . for some choices of ji, . . . , Jn G 
{0,1}. Also assume that a;, uj, dj G for j = 1, . . . , N satisfy 

(15.31) ^ and . Then the mapping (ai, . . . , a^) ^ CLi,ti ■ ■ ■ ciN,tN 

t5^(R^'*), where Oj^t^. (X) = aj{tjX), I < j < N , extends uniquely to a 
continuous mapping from 

s;^{1/u;i,^i)x...xs;:^{1/u;n,^n) 
to 3^(1/^7, -(9). One has the estimate 

||fll,ti ■ ■ ■flAf,iiv||s™(l/i^,i9) 

(5.19) 

< C 11^1 lis™ ■ ■ ■ ||ctiv||s-^{l/<^iv,,5jv), 

where C = C(f |ti|^^/^'i ■ ■ ■ |tiv|~^/^^ for some constant Cq which is in- 
dependent of N, ti, . . . ,tN and d. 

Remark 5.9. Theorem 15.71 can also be generalized to involve St^p spaces, 
for general t G R. 

In fact, assume that pj, r, tj, uj, ujj, and {}j for 1 < j < N are 
the same as in Theorems 15.71 and 15.81 Also assume that t G R, and let 
Tk = t when ik = and = 1 — t when = 1. (The numbers jk are 
the same as in (I5l5l)'.) 

Then the mapping (ai, . . . , a^v) i— > Oi^n*- ■ ■ o.N,tM =^(R^'^), extends 
uniquely to a continuous mapping from 

to St^riX/oj.'d). Furthermore it holds 

||ai,ti * ■ ■ ■ *0'N,tN\\sA(l/uj3) 

(5.20) 

< C ll«i||s,i,pi(iM,i?i) ■ ■ ■ ||aAr|kj^,pj^(i/c^iv,'?iv)- 
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where C = ■ ■ ■ |tjv|-2/Piv for gome constant Co which is 

independent of A^, ti, . . . ,tN and d. 

Moreover, if {aj)rj{x, D) > for each 1 < j < A^, then (ai^ti * ■ ■ ■ * 
aN,tN)t{x,D) > 0. 

When proving this we first assume that ai, . . . , oat G y. By Propo- 
sition [45] we get 

\\ai,t,*- ■ ■*a7v,tjvl|st,r(i/<^,<?) = ||e"*(*~^/^)<^"-^«^(ai,t^>K- ■ ■*aiv,tjv) ||s-(i/a;,^) 

= * ■ ■ ■ * bN\\s^{l/iu,-d), 

where 

Hence by Theorem 15.71 we get 

||a.i,ti * ■ ■ ■ * aN,trf\\st,r(i/uj,-d) < CIi - ■ ■ In, 

where 

T — |U-*{-iy'=(t-l/2)(-D:,,D5>^ II _ |i II 

This gives ^M). 

The result now follows from (I5.20p and the fact that y is dense in 
St,p{uJi^uj2) when p < oo, and dense in St_oo(t^i, 1^2) with respect to the 
weak* topology. 

Next we consider elements in sf(l/f,f), where v = v E is 
submultiplicative. We note that each element in s^(l/f,f) is a con- 
tinuous function which turns to zero at infinity, since (15.81) shows that 

St{l/V,V)<ZCB{'R?''). 

It follows that any product of odd numbers of elements in s^(l/f , v) 
are again in s^(l/w,w). In fact, assume that ai^.-.^a^ G s^(l/f,f), 
|a| is odd, and that tj = 1. Then it follows from Theorem 15.61 that 
<^ ■■■a7 G s^{l/v,v), and 



(5.21) ||ar---ariLA(i/„,„)<Co'l°inil« 



'3^^s^(l/v,v)' 



for some constant Cq which is independent of a and d. 

Furthermore, if in addition ai, . . . , oat are cr-positive in the sense of 
Definition [LHI then the same is true for a"^ ■ ■ ■ . The following result 
is an immediate consequence of these observations. 

Proposition 5.10. Assume that ai,...,aN € Si{l/v,v), where v = 
V G I^(R?'^) is submultiplicative, Cq is the same as in (15.211) . and 
assume that Ri,...,Rn > 0. Also assume that f,g are odd analytic 
functions from the polydisc 

{zeC^; \zj\ < CqRj} 
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to C, with expansions 

f{z) = '^CaZ°' and g{z) = '^\ca\z"'. 

a a 

Then f{a) = /(ai, . . . , cat) is well-defined and belongs to Si{l/v,v). 
One has the estimate 

ll/('^)L^'(i/-u,-i;) ^ 5'(Co||«iL^(i/^,^), • • • , C'o||ajv||^A(i/^_^)). 

// in addition ai, . . . , oat G C+(R^'*), then g{a) G C+(R^'^). 

An open question for the author is whether the Theorems I5.3H5.8I 
and Remark 15.91 are true for other dilations. This might then lead to 
improvements of Proposition lS.lOl In this context we note that (R^''), 
and therefore s;^(R^'^) by duality, are not stable under dilations (see 
Proposition 2.1.12 in [41] or Proposition 5.4 in [44]). We refer to [43,44] 
for a further properties of cr-positive functions and distributions. 

For rank one elements we also have the following positivity result. 

Proposition 5.11. Assume thatv,vi G ,^(R^'^) are submultiplicative 
and fulfill vi = v{- /^/2), u G s'^{\/uo,uo) is an element of rank one, 
and let a{X) = \u{X/V2)\\ Th en a E s^(l/fi, Vi), and a^{x, D) > 0. 

Proof. Since u is rank one, it follows from Proposition 14.51 that u,u G 
s^{l/v, f ), which implies that a G s^{l/vi,Vi) in view of Theorem 15.81 
The result now follows from this fact and Proposition 4.10 in [43]. □ 

We finish the section by applying our results on Toeplitz operators. 
The following result is can be considered as a parallel result to the 
recent results in [50], especially to Theorem 3.1 and Theorem 3.5 in [50]. 
It also generalizes Proposition 4.5 in [45]. 

Theorem 5.12. Assume that p G [1, oo] and uj,ujQ,'d,'dj G for 

j = 0, 1, 2 satisfy 

and 

d{Xi-X2) < CdQ{^/2Xi)di{X2) 

Then the definition o/Tp^^ h2i^) ^^^tends uniquely to each a G ^'(R^'^) 
and hj G M^^^ ^ for j = 1,2 such that a{\/2- ) G Sp{l/uJo,'do), and for 
some constant C it holds 

II '^Vh^M^(^)\\MMlf^yMl^^) < C||a(v^- )IIs-(1M,<?o)II^i|Im2,^)II^2||m2^^j- 

Furthermore, if hi = h2 and b^{x,D) > 0, where b = a{\/2-), then 

T^Ph^hM >'o. 

Proof. Since Wh2M ^ ^^"(l/^?!, ?92), the result is an immediate conse- 
quence of (11.150 and Theorem I5.7[ □ 
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